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1. GERERAL

This status report covers work carried out by faculty members,
research assistants and graduvate studentis associated with the Electronic
Systems Iaboratory during the pericd 1 March through 31 August 1965 wunder
Research Grant No. NSG-22-009 (12k). Progress was made in two aress:

(a) optimal and sub-optimal control; end {b) monlinear and time-varying
systems. This progress 1s summerized in the next two secticus.

During the report pericd the following people conmtributed to the
project: Professor G. C. Newion, Jr. éps.rt—tm), Professor M. Athans
(part-time), Professor R. W. Brocket: (pert-time); A. Debs (fram Jume 15),
D. L. Gray {to Jure 15), M. Gruber, D. L. Kleimgman, J. Willems, all full
time research assistants: and G. Cowme, D. Fitts, U. Forster, I. Gorille,
£. Greenberg, R. Gressang, J., Iarson, H. S. Witsenbauser, all greduate
students (requiring no salsry support from project).

This status report does noi specifically discuss resesrch plans

for the next periocd since the Technical Pruposal of Reference & gives
this information. :

2. SBAMARY OF PROGRESS ON QPTIMAL ?ED- SUB-OPTIMAL CONTROL

The note outlines the research conducted Trox 1 March 1966 to
1 September 1966 in the area of optimal ecntrol and cawputational slgoritims.
It should be noted that most of the research was o conbtinustion of owr
stulies initiated and partislly supported under NASA Graat NSG-406 with tke
MIT Center for Space Reseavrch.

First we shell describe sur resszarch oo the development of
carputational algoritms. Mr. Grzy in his doctornl dissertation s
considered the problem of the developrent of compuiational algoritius for
the solution of minimm fuel problems., The motlvation for the study arose
from the need for computing fuel-optimel controls for attitude corrections
of satelites. In such problems, cue linearizes the equations of motion of
the satelite to obtain a systenm of linear and time-invariant differential
2quations; tnere are four first-order differsntial eguaticns which desceribe
the system. Mr. Gray used tbhe Rewbon-Raphson method to develop e canputer
algorithim which computes the miminum fuel coatrel, as a funection of time,
for any giver initial comditicns. Towe method was Implemented by means of a2
dlgltal computer program and it wes tesied for s verietv of fourth and sixth
oxder systems, including systems whioli arige in the satelite attituie control
rroblem. The extensive computer results fllustrated the feasibility of this
method. As a by-product valuable informition was gained as to the nature and
response of miaimum fuel gystems es well as in regard to some of the
nuperical problems which arise. These results will be Jocumented in Mr. Gray's
Ph.D. dissertation {which is in the £inal writing stage) and in a paper for
publication which is currently under preparation.
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Mr. Kleinman®s research deals with the problem of computer storsge
requirements arising in the impliemeniation of the linear ard time-varying
feedbeck systen assoclated with the optimsl control cof a linear tine-varying
system with quadratic performence eriteria. Such problems arise in the
guidance of aercspace vehicles. Ore linearizes the nonlinear equations of
motion about a nominal trajectory and there cone uses an optimal linesr snd
time-varying feedback system in order to keep the vehicle near its nominal
trajectory. Such problems involve the nurerical solution of the matrix
Riccati differential equatiom, veckward in time, in order to evaluate the
time-varying gains required in the feedback system. If one had a digital
computer with a large memory, then one would store the values of the optimal
goins at several instants of time. Mr. Kleimman's research efforts deal with
the practical aspecits of having a digitel computer with a limited memory
storage capecity. In such a case, one can only store only a smell semple of
the time-varying gains over the entire control imterval and cne musi re-
construct the time-varying geins by same annlog or diglial filter. Mr.
Kleimmar is currently investigating several means for the recomstruction
of the time-varying gains as well as the trade-offs imvolved between the
memory capacity of the computer and the performence of the feedback systen.
This research necessitated the development of seversl properties of the
nonlinear matrix Riceatl differential equation which are described in a
recent report.” At this time the research is focused tovard schemes for
the efficient recomstruction of the time-varying gains from 2 limited amount
of data. It is estimmted that this research will bde completed by February 1967.

Of interest to HASA is the research,of two fellowship students,
Mr. Witsenhousen in his doctoral dissertation considered fundamental
problems of control under uncertainty end the use of minivaxtype criieris
of performance for their control. Mr. Greenberg in his M. S. thesis
considered problems asscecinted with the orbit transfer and rendezvous
in circular orbits. Tre criteria for optimelity was the miniwizetion of
& linear combimniion of the conswmed fuel and of the elapsed time. Be
used the "method of evereging” to cbiain a sub-cptimel guidance lav.

Our own resserch into the problem of computation of optiral
controls and the develcpment of iterative computaticnal algorithms for their
nuzerical evaluwation have convineed us thet for a certain class of problems
one should concentraite on the developnent of computer slgorithms for the
numerical evalustion of the geins reguired as well as the input-cutput
chnracteristics of any required nomlinear function gemerators. The philwoph{
end the design ideas behind thig epproach bave been described fully elsevhere .
In short, it aprears that the numerical evaluation of optimel open-loop
controls is of great interest im guidance problems, because one is interasted
in optimal pominal ¢rajectories. FHowever, problems of sttitude combrol
require the design of optimsl and sub-optlmal feedback comtrol systems,
which should be, prefersdly, implenentable using ancleg hardware. Motivated

1. Superseripts refer to items in References.
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by such considerstions, Prcfesscr Athans and Mr. Debs,supported in part by
¥Mr. Greenberg, have been conceatreiing since Juns 1len the examination of
theoretical, practical, and computatiomsl questions regerding the nature
of optimnl and sub-optinal feedback control systems. Ampslytical feedback
control lisws heve been obiteined for some simple nonlirear systems. At
present, we are concentrating on the develcpment of ideas and comcepts

. for the design of feedback control systems for high order nonlinear
- systems, with special emphasis on systems arising in the attitude control
.of space vehicles.

3. KONLINEAR AND TIME-VARYING SYSTEMS

Progress during the first six months cap be reporied in four

i) The use of Iiapunov theory in the design of magnetic attitude
control systems

ii) Stability and Oscillations in nonlineer and time-varying
feedback loops

1ii) Stebility in nonlinear discrete-time feedback systems and
spplications to the convergence of iterative procedures

iv) & priocri bourds on the solution of cptimization problems

Our results are surveyed below. TFor more details, see the theses
and papers under References.

i} Magnetic Attitude Centrol

The fact that sane types of attitude control of satellites can be
achieved using electromagnets which interact withthe earth’s mognetic field
is aow widely known. Most treatments of this problem concern spinning
satellites and base their amalysis on some type of avercging approximation.
Although this is qulite satisfactory for preliminery studies it is an approxi-
mate method anithe sitwaticms in which it glves satisfactory results are not
well urderstoad. For this reasor we were motiveted to try to use Lispunov
rethods to0 establish mngnetic atiitude control laws vhich can be shown to be
agymtotically steble.

In 2 recent thesis Cowpé formulates a gemeral problem of this type
in which three electramgnets and three demping rotors are considered. Sinee
the orientation of the bedy with respect to the magnetie fleld is critieal in
determining the torgue levels aveiladble, the eguations of motion must be
expressed in inertial (ot body fized) coordimates. The equations of motion
for the body itself sre expressible ecs gix first-order equatioms. In
eddition, one velceity equetion mu3st be added for cach rotor present. The
resulting equations sre much too complicated for direct amelysis but by



pleking & liszpunov functica which congists of the "wobble emergy” of the
satellite and & gecmetric term it is possible to find a control law (the
cwrrents through the electromagnets) thet makes the Liapunov functions
decrease end the system achieve the desired atiitwde. Several configurations
of rotors and magnets are ccnsidered in reference (8) but more work is
required. As far ss we are aware this is the first rigorous amalysis of
magoetic attitude contrel systems of this type although Wheeler at Stanford
has recently used Iispunov methods for the case of a single coil in a time-
varying field.

§1) Stability end Oscillations

Much work has becn done on the problem of stability of nonlinear
Teedback systems containing a single nonlinesxr elsmeni. The question that
is geperally asked is: "What are sufficient condlitions for the feedback
system of Figure 1 to be asymptotically steble in the large? A superficial
enrnlysis would consider o linearized "equivaleat” system and check the
stability properties of this equivalent sysitem. The most common types of
linearizations are: the "¢otal” ]:Lﬁmji tion, vhere the nonlinsarity f£(o)
is replaced by the tota.lsaian=-g§- s and the "loeal” linearization,
vhere the nomlirnearity f£(o¢) is replaced by the incrementel gein K = afgaz.

It has been hypothesized that the nonlinear system is aesymptotically stab

in the large if the linearized system is stable forall values of ¢. EHowever,
we are now able to give thecretical svidence which proves that this spproach
can lead to incorrect econclusions. The wey thet these conjectures were
disproven was by fimding oscillations where lirenrization predicts none will
axist. As is well known, proving the existence of a limit cyele in & high
order systems is a bhard tesk. The mest imporiant techmiques are topologieal
methods, which were used here for this first time 1n this context, ard
averaging theory.

Figure 1. TFeedback Sysitems under consideration




The use of averaging theory to prediect when linearization
techniques will give the wrong antver about the stability properties of
s nonlinesr feedback system seens to be . very promising. In averaging
theory, the nonlinearity is a functiom of a parsmeter, £ and for § =0
this nonlinearity is zero. Comclusions about the exisience of limitcycles
can then be made rigorously omly in the limit, i.e. when [efc € 0 for some
€4 {See Refeience 1k)

Theorem: Consider the differentiel equation:

2 =€£(ztc)

.JZ(_Z_,'b'*'T: € ) = _f_(g,.t, £ )

and £ is a sufficiently smooth function of 2, t and , and defipe
2(@) = §f7 20
o

7O such tint

p(ag) = 9

if there existis an ao

. op(a,)
det
~3z F°

Then there exists an & . 7 O, such that for O £ £<E, the differential
equetion bas o solution; z (%, &) with 2(t,+T, ¢ )= z{t, ¢ ) and

lin
£— O E(t:5)=§0=

This tecmique was applied 4o the following differentlal equatiom:

X 10% + Ox +  {opderxsdx) + eP(x) = 0O

This is a special case of the feedback system of Figure 1 with

2
cis) = - S
(s +1)(32+9) + a(as3+ssz+1's+5 )

Ween v -a>20add@-7v2>0, the roct locue of this system locks as in
Figure 2, and the Nyquist locus of G{2) as in Figwe 3. The system 1s thus



stable for all lineer nzgative feedback. It was proven using averaging
theory that for £{c) almost eny Zunction of ¢, this system sustaians a
limitcycle for € sufficiently smsll. Very "reescnable" feedbacks such as
£(.)3, for which the total gain as well as tbe incremental gains is alweys
positive and hence for which it seems very reasonable to expect this system

— - o mmacsmeennde nded s T Taw uoman DY
to bve asymptotically sieble in the large, arc proven io cause instehility.
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Figure 2: Root locus of example
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Figure 3: Nyquist locus of example



This particular exemple as many otkers, shows that results
concerning the stabiliiy of nonlinesr sysiems cannoi, a8 ore might hope,
be derived fron linearizetion and that one has to be extremely careful in
drewing conclusions on this basis. Similsr results are avellable for whole
classes of sysiems.

i1i) Discrete Time Stability amd Convergence of Numerical Procedures

In Gorille's thesis’, the discrete time rtebility eriteris of
Tsypkin, Szegc, et el. were used es a tool for establishing the convergence
of iterative schemes Tor FTinding thelocaticrn of the real roots of equetions
of the fom

£{x) = 0 {x = scalar)
The basie iterative procedure was to let x(k+1l) be given by

x{k+1) = £[x(x)]

and this in tuwrn wvas modified by adding acceleration terms much as one
would insert lead compensstiions in a fivst order servo system. Detailed
nurerical resulis showing the effects of acceleration terms are now
avaeilable but as yet we cannot claim %o heve anything like s general theoxry.
The most thet one cen say at present is that in sore cases the improvement
cbtained using "compensation” is substantial.

The principal sowrce difficulty in this area seems to be a lack of
precisely stated vesulls on discrete-time stability and the absence in the
literature of any thorough compariscon between the criteria of Tsypkin and
Szego et al. Some results in this direction are conbained in Gorille’s
thesis but more work is requirved.

iv) A Priori Bounds oa Optimization Problems

The question of just bov much feedback control can improve the
performance of a system is answered For a particular class of systems in
the work reroried below. The perticular result reporited here was
diccovered somewhat by chance but ties in closely with our work on fregquency
domain methods.

Considexr a eontrollsble snd observable systen
Z=Ax+bw y=c'x

vhere u and y are scalars. Suppose that the eigenvalues of A lie in the
half-plane Re 5< 0. Under this assumpiion we cen show thati The optium
value of the purformencs measure




10.

a = {P8) + y(edae
¢}

corresponding to amy given initial state X, is related to the "ymeontrollsd”
value of g, i.e.

by the inequality
a/gys Y (1)
vhere

p=mx | gldo)| = max is'(my"lé}
o @

The imporiance of this result is that it gives some indication of
how much benefit one can expect from feedback simply by looking at the
Peak amplitule of the Eode Plot.

Sketch of Proof: Since the problem is linsar we can, without loss

of generality, assume that 9 = 1. Tren for a given u and 5_;0

® 2 Ak % _~A 2
q/qg 2'{, u o+ | cfe- (go+%e-°u(a)de} at

w2 6 . A(t-
= fyuae + (g”eétéo)e + 23*&‘35:;0 Sg“eA(t a)bu{ﬁ)da
O 0

Sl S “eé(t“u—w(e)da]adt
¢
Now by assumption integrsel of the secomd term has a velve of 1. Tous
o0
q/qo = 1+ f ua + 22°eétg_:og(t) + ga(t)dt
s

where
glt) = § bt (T Vyy(g)as
o




From & well kncwn resuit on the I-Emrmoflimar constant systems, it
foliows that

4]
i

o % -
{{} gefft)dt} € max c'(Ijn-A) l_b n
®

vwhere

-
]

. _ 5“2 & fa
[1a11y= [ tedas]
The Cauchy-Schiartz inequality gives

o tept
2 J oY g(e)at] £ 20
l 0 Zd!

a/ay > sl -2p g
wvhere

o= {g”ga(t)a-e}%s pn

Minimizing qfqﬁ swoject to the eomstraints o § wi gives owr inecuality.



., PROJECT DOCHMENTATION STATUS

All of the reports and papers listed under "References"” are the
result of research supported vholly or in part by this RBesearch Grant. As
the repr:l:rts become available they will be forwerded as part of the project
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5. BUDGET STATUS

As of 31 August 1966, epproximetely 43 per cent of the total
Grant furds heve been expended in a time corresponding to 67 per cent of
the Grant period. This reflects o lower-than-anticipated note of
expenditure during the swmer months. It is expected that the expendituwre
rete will be nearer the budgeted rete during the remsining months.
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